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A† = A − A

∇yz = ⟨⟨∂y, ∂z⟩⟩
Q† = ψxx + ψyy + (ψzf

2
0 /N2)z

(∂t + u∂x)[ψxx + ψyy + (ψzf
2
0 /N2)z︸ ︷︷ ︸

Q†

] + ψx(β − uyy) = 0

Q†ψx = −∇yz · ⟨⟨−ψxψy︸ ︷︷ ︸
vgug

,−ψzψxf2
0 /N2

︸ ︷︷ ︸
−f0vgρ†/ρz

⟩⟩

∂t[(1/2)Q†2/(uyy − β)
︸ ︷︷ ︸

E/Cx
p

] + ∇yz · ⟨⟨ −ψxψy︸ ︷︷ ︸
Cy

g (E/Cx
p )

,−ψzψxf2
0 /N2

︸ ︷︷ ︸
Cz

g (E/Cx
p )

⟩⟩ = 0

∂tu − f0v
∗ = −∇yz · ⟨⟨−ψxψy︸ ︷︷ ︸

vgug

,−ψzψxf2
0 /N2

︸ ︷︷ ︸
−f0vgρ†/ρz

⟩⟩

∂t[u + (1/2)Q†2/(β − uyy)
︸ ︷︷ ︸

−E/Cx
p

] − f0v
∗ = 0 (0.1)

A′ = A − A (0.2)
∇ = ⟨⟨∂x, ∂y, ∂z⟩⟩ (0.3)

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ug, vg, 0⟩⟩ + ⟨⟨ua, va, wa⟩⟩ (0.4)
ug = −ψy, vg = ψx, ψ = p′/f0, (0.5)

ζ ′ = −ρ′/ρz = (g/ρ0)ρ′/N2 = −ψzf0/N
2 (0.6)

Q = ψxx + ψyy + (ψzf
2
0 /N2)z (0.7)

∂t[ψxx + ψyy + (ψzf
2
0 /N2)z︸ ︷︷ ︸

Q

] + βψx = 0 (0.8)

ψx = −Qt/β (0.9)
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy,

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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A′ = A − A (0.1)
∇ = ⟨⟨∂x, ∂y, ∂z⟩⟩ (0.2)

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ug, vg, 0⟩⟩ + ⟨⟨ua, va, wa⟩⟩ (0.3)
ug = −ψy, vg = ψx, ψ = p′/f0, (0.4)

ζ ′ = −ρ′/ρz = (g/ρ0)ρ′/N2 = −ψzf0/N
2 (0.5)

Q = v′
x − u′

y − f0ζ
′
z = ψxx + ψyy + (ψzf

2
0 /N2)z (0.6)

∂t[ψxx + ψyy + (ψzf
2
0 /N2)z︸ ︷︷ ︸

Q

] + βψx = 0 (0.7)

ψx = −Qt/β (0.8)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨−ψxtψ − βψ2/2︸ ︷︷ ︸
Cx

g E

, −ψytψ︸ ︷︷ ︸
Cy

g E

, −ψztψf2
0 /N2

︸ ︷︷ ︸
Cz

g E

⟩⟩ = 0 (0.9)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨u′p′ + [(f0 − βy)ψ2/2]y︸ ︷︷ ︸
Cx

g E

, v′p′ − [(f0 − βy)ψ2/2]x︸ ︷︷ ︸
Cy

g E

, w′p′︸︷︷︸
Cz

g E

⟩⟩

= 0 (0.10)

Qψx = −∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ (0.11)

K ≡ (ψ2
x + ψ2

y)/2, G ≡ ψ2
zf2

0 /(2N2) (0.12)
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Table 2: Characteristics of mid-latitude and equatorial waves. The third column (A′
yy ≃ −l2A′) indicates whether waves

are nearly-plane in the meridional direction or not, where A′ is an arbitrary quantity and l is the wavenumber in the
meridional direction. Symbols in the last three columns are defined by q′ ≡ v′

x−u′
y−fζ ′z, Λ ≡ [(ξ′p′)x+(η′p′)y+(ζ ′p′)z]/2,

K ≡ (u′2 + v′2)/2, G ≡ (N2/2)ζ ′2, and E ≡ K + G.
type of waves acronym A′

yy ≃ −l2A′ η′ = −q′/β Λ (v′ξ′ − u′η′)/2
mid-latitude inertia-gravity waves MIGWs yes no (37), 0 (B3), (K − G)/f
mid-latitude Rossby waves MRWs yes yes (36), (37), −E (B2), (B3), 2K/f
equatorial Rossby waves EQWs no yes (36), (37) (B2), (B3)
equatorial mixed Rossby-gravity waves EQWs no yes (36), (37) (B2), (B3)
equatorial Kelvin waves EQWs no yes (36), (37) (B2), (B3)
equatorial inertia-gravity waves EQWs no yes (36), (37) (B2), (B3)

Table 3: List of the ageostrophic versions of the Taylor-Bretherton identity (1) and the Eliassen-Palm relation (2) in
previous studies and the present study.

Ageostrophic Taylor-Bretherton identity zonal flux vertical flux
Tung (1986) Eqs. (4.5) and (2.10) absent present
Hayashi and Young (1987) Eq. (2.28) absent absent
McPhaden and Ripa (1990) Eq. (22) absent absent
Takehiro and Hayashi (1992) Eq. (39) absent absent
this study Eq. (28a) present present
Ageostrophic Eliassen-Palm relation zonal flux vertical flux
Ripa (1982) Eq. (2.6d) present absent
Andrews (1983a) Eq. (4.1) absent present
Haynes (1988) Eqs. (3.12a,b) present present
Brunet and Haynes (1996) Eqs. (3.4a-d) present absent
this study Eq. (27a) present present
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)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy,

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
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p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
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y + ζ ′π′
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′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
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∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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A′ = A − A (0.1)
∇ = ⟨⟨∂x, ∂y, ∂z⟩⟩ (0.2)

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ug, vg, 0⟩⟩ + ⟨⟨ua, va, wa⟩⟩ (0.3)
ug = −ψy, vg = ψx, ψ = p′/f0, (0.4)

ζ ′ = −ρ′/ρz = (g/ρ0)ρ′/N2 = −ψzf0/N
2 (0.5)

Q = v′
x − u′

y − f0ζ
′
z = ψxx + ψyy + (ψzf

2
0 /N2)z (0.6)

∂t[ψxx + ψyy + (ψzf
2
0 /N2)z︸ ︷︷ ︸

Q

] + βψx = 0 (0.7)

ψx = −Qt/β (0.8)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨−ψxtψ − βψ2/2︸ ︷︷ ︸
Cx

g E

, −ψytψ︸ ︷︷ ︸
Cy

g E

, −ψztψf2
0 /N2

︸ ︷︷ ︸
Cz

g E

⟩⟩ = 0 (0.9)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨u′p′ + [(f0 − βy)ψ2/2]y︸ ︷︷ ︸
Cx

g E

, v′p′ − [(f0 − βy)ψ2/2]x︸ ︷︷ ︸
Cy

g E

, w′p′︸︷︷︸
Cz

g E

⟩⟩

= 0 (0.10)

Qψx = −∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ (0.11)

K ≡ (ψ2
x + ψ2

y)/2, G ≡ ψ2
zf2

0 /(2N2) (0.12)
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Qψx︷ ︸︸ ︷
∂t[Q2/(−2β)]+

∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ = 0 (0.13)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.14)

∂t[E/Cx
p ]+

∇ · ⟨⟨Cx
g (E/Cx

p ), Cy
g (E/Cx

p ), Cz
g (E/Cx

p )⟩⟩ = 0, (0.15)

u′
t − (f0 + βy)v′ = −p′x,

v′t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′

y + w′
z = 0,

ζ ′ ≡ −ρ′/ρz = −p′z/N
2, (0.16)

q′ ≡ v′
x − u′

y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.17)

∂t[ζ ′zu
′ + η′q′/2]+

∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,
K = (u′2 + v′2)/2, G = (N2/2)ζ ′2, (0.18)

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.19)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.20)
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′
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x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy,

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)
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′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,
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2 (0.5)

Q = v′
x − u′

y − f0ζ
′
z = ψxx + ψyy + (ψzf

2
0 /N2)z (0.6)

∂t[ψxx + ψyy + (ψzf
2
0 /N2)z︸ ︷︷ ︸

Q

] + βψx = 0 (0.7)

ψx = −Qt/β (0.8)
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(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+
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g E
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Cy

g E

, −ψztψf2
0 /N2
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Cz

g E

⟩⟩ = 0 (0.9)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨u′p′ + [(f0 − βy)ψ2/2]y︸ ︷︷ ︸
Cx

g E

, v′p′ − [(f0 − βy)ψ2/2]x︸ ︷︷ ︸
Cy

g E

, w′p′︸︷︷︸
Cz

g E

⟩⟩

= 0 (0.10)

Qψx = −∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ (0.11)

K ≡ (ψ2
x + ψ2

y)/2, G ≡ ψ2
zf2

0 /(2N2) (0.12)
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy,

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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A′ = A − A (0.1)
∇ = ⟨⟨∂x, ∂y, ∂z⟩⟩ (0.2)

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ug, vg, 0⟩⟩ + ⟨⟨ua, va, wa⟩⟩ (0.3)
ug = −ψy, vg = ψx, ψ = p′/f0, (0.4)

ζ ′ = −ρ′/ρz = (g/ρ0)ρ′/N2 = −ψzf0/N
2 (0.5)

Q = v′
x − u′

y − f0ζ
′
z = ψxx + ψyy + (ψzf

2
0 /N2)z (0.6)

∂t[ψxx + ψyy + (ψzf
2
0 /N2)z︸ ︷︷ ︸

Q

] + βψx = 0 (0.7)

ψx = −Qt/β (0.8)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨−ψxtψ − βψ2/2︸ ︷︷ ︸
Cx

g E

, −ψytψ︸ ︷︷ ︸
Cy

g E

, −ψztψf2
0 /N2

︸ ︷︷ ︸
Cz

g E

⟩⟩ = 0 (0.9)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨u′p′ + [(f0 − βy)ψ2/2]y︸ ︷︷ ︸
Cx

g E

, v′p′ − [(f0 − βy)ψ2/2]x︸ ︷︷ ︸
Cy

g E

, w′p′︸︷︷︸
Cz

g E

⟩⟩

= 0 (0.10)

Qψx = −∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ (0.11)

K ≡ (ψ2
x + ψ2

y)/2, G ≡ ψ2
zf2

0 /(2N2) (0.12)
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′

= −∂x[p + ζ ′p′z + (ζ ′2/2)pzz︸ ︷︷ ︸
−G︸ ︷︷ ︸

ep

+(u′2 + v′2)/2︸ ︷︷ ︸
K

] (0.27)

∂t[ ζ ′zu′
︸︷︷︸
ubolus

] + (v′
x − u′

y − fζ ′z)︸ ︷︷ ︸
q′

v′+

= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)
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∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨−ψxtψ − βψ2/2︸ ︷︷ ︸
Cx

g E

, −ψytψ︸ ︷︷ ︸
Cy

g E

, −ψztψf2
0 /N2

︸ ︷︷ ︸
Cz

g E

⟩⟩ = 0 (0.10)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨u′p′ + [(f0 − βy)ψ2/2]y︸ ︷︷ ︸
Cx

g E

, v′p′ − [(f0 − βy)ψ2/2]x︸ ︷︷ ︸
Cy

g E

, w′p′︸︷︷︸
Cz

g E

⟩⟩

= 0 (0.11)

Qψx︸︷︷︸
Qvg

= −∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ (0.12)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2) (0.13)

Qψx︷ ︸︸ ︷
∂t[Q2/(−2β)]+

∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ = 0 (0.14)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.15)

∂t[

E/Cx
p︷ ︸︸ ︷

Q2/(−2β)]+
∇ · ⟨⟨ugug − K + G︸ ︷︷ ︸

Cx
g (E/Cx

p )

, vgug
︸︷︷︸

Cy
g (E/Cx

p )

, ζ ′p′x︸︷︷︸
Cz

g (E/Cx
p )

⟩⟩ = 0 (0.16)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.17)

ζ ′(u′
z − w′

x) (0.18)

−ζ ′(u′
z − w′

x) (0.19)

∂t[E/cp]+
∇ · ⟨⟨Cx

g (E/Cx
p ), Cy

g (E/Cx
p ), Cz

g (E/Cx
p )⟩⟩ = 0, (0.20)
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy, u′p′/cp ̸= cg(E/cp)

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′

= −∂x[p + ζ ′p′z + (ζ ′2/2)pzz︸ ︷︷ ︸
−G︸ ︷︷ ︸

ep

+(u′2 + v′2)/2︸ ︷︷ ︸
K

] (0.27)

∂t[ ζ ′zu′
︸︷︷︸
ubolus

] + (v′
x − u′

y − fζ ′z)︸ ︷︷ ︸
q′

v′+

= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)
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∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨−ψxtψ − βψ2/2︸ ︷︷ ︸
Cx

g E

, −ψytψ︸ ︷︷ ︸
Cy

g E

, −ψztψf2
0 /N2

︸ ︷︷ ︸
Cz

g E

⟩⟩ = 0 (0.10)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨u′p′ + [(f0 − βy)ψ2/2]y︸ ︷︷ ︸
Cx

g E

, v′p′ − [(f0 − βy)ψ2/2]x︸ ︷︷ ︸
Cy

g E

, w′p′︸︷︷︸
Cz

g E

⟩⟩

= 0 (0.11)

Qψx︸︷︷︸
Qvg

= −∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ (0.12)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2) (0.13)

Qψx︷ ︸︸ ︷
∂t[Q2/(−2β)]+

∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ = 0 (0.14)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.15)

∂t[

E/Cx
p︷ ︸︸ ︷

Q2/(−2β)]+
∇ · ⟨⟨ugug − K + G︸ ︷︷ ︸

Cx
g (E/Cx

p )

, vgug
︸︷︷︸

Cy
g (E/Cx

p )

, ζ ′p′x︸︷︷︸
Cz

g (E/Cx
p )

⟩⟩ = 0 (0.16)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.17)

ζ ′(u′
z − w′

x) (0.18)

−ζ ′(u′
z − w′

x) (0.19)

∂t[E/cp]+
∇ · ⟨⟨Cx

g (E/Cx
p ), Cy

g (E/Cx
p ), Cz

g (E/Cx
p )⟩⟩ = 0, (0.20)
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′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,

Toward a seamless global diagnosis for the horizontal flux of Rossby wave energy 3

u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy, u′p′/cp ̸= cg(E/cp)

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy, u′p′/cp ̸= cg(E/cp)

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′

= −∂x[p + ζ ′p′z + (ζ ′2/2)pzz︸ ︷︷ ︸
−G︸ ︷︷ ︸

ep

+(u′2 + v′2)/2︸ ︷︷ ︸
K

] (0.27)

∂t[ ζ ′zu′
︸︷︷︸
ubolus

] + (v′
x − u′

y − fζ ′z)︸ ︷︷ ︸
q′

v′+

= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy, u′p′/cp ̸= cg(E/cp)

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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∂t(ζ ′zu
′ + q′η′/2) + ∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ = 0,

∂t(ζ ′zv
′ − q′ξ′/2) + ∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩ = β(v′ξ′ − u′η′)/2,

A
L = A + ξ′A′

x + η′A′
y + ζ ′A′

z

Ã = A + ζ ′A′
z

Â = Ã + ζ ′zA
′ = A + (ζ ′A′)z (0.23)

uStokes ≡ uL − u = ξ′u′
x + η′u′

y + ζ ′u′
z

uqs ≡ û − u = (ζ ′u′)z

ubolus ≡ û − ũ = ζ ′zu
′ (0.24)

∂tu + ∇ · (Uu) − fv = −px −∇ · ⟨⟨u′u′, v′u′, w′u′⟩⟩, (0.25)

∂t[u + (ζ ′u′)z︸ ︷︷ ︸
bu

] + ∇ · (Uu) − f [v + (ζ ′v′)z︸ ︷︷ ︸
bv

]

= −∂xp −∇ · ⟨⟨u′u′, v′u′, ζ ′p′x⟩⟩, (0.26)

∂t[u + ζ ′u′
z︸ ︷︷ ︸

eu

] + ∇ · (Uu) − f [v + ζ ′v′
z︸ ︷︷ ︸

ev

] − (v′x − u′
y)v′

= −∂x[p + ζ ′p′z + (ζ ′2/2)pzz︸ ︷︷ ︸
−G︸ ︷︷ ︸

ep

+(u′2 + v′2)/2︸ ︷︷ ︸
K

] (0.27)

∂t[ ζ ′zu′
︸︷︷︸
ubolus

] + (v′
x − u′

y − fζ ′z)︸ ︷︷ ︸
q′

v′+

= −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩ (0.28)

v′ = −q′t/β (0.29)

Q† = ψxx + ψyy − (ψz/ρz)zf
2
0 ρ0/g

v†Q† = ⟨⟨∂y, ∂z⟩⟩ · ⟨⟨ψxψy, ⟩⟩ (0.30)
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∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨−ψxtψ − βψ2/2︸ ︷︷ ︸
Cx

g E

, −ψytψ︸ ︷︷ ︸
Cy

g E

, −ψztψf2
0 /N2

︸ ︷︷ ︸
Cz

g E

⟩⟩ = 0 (0.10)

∂t[

E︷ ︸︸ ︷
(ψ2

x + ψ2
y)/2 + ψ2

zf2
0 /(2N2)]+

∇ · ⟨⟨u′p′ + [(f0 − βy)ψ2/2]y︸ ︷︷ ︸
Cx

g E

, v′p′ − [(f0 − βy)ψ2/2]x︸ ︷︷ ︸
Cy

g E

, w′p′︸︷︷︸
Cz

g E

⟩⟩

= 0 (0.11)

Qψx︸︷︷︸
Qvg

= −∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ (0.12)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2) (0.13)

Qψx︷ ︸︸ ︷
∂t[Q2/(−2β)]+

∇ · ⟨⟨−ψxψx + K + G︸ ︷︷ ︸
ugug−K+G

, −ψxψy︸ ︷︷ ︸
vgug

, −ψzψxf2
0 /N2

︸ ︷︷ ︸
ζ′p′

x

⟩⟩ = 0 (0.14)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.15)

∂t[

E/Cx
p︷ ︸︸ ︷

Q2/(−2β)]+
∇ · ⟨⟨ugug − K + G︸ ︷︷ ︸

Cx
g (E/Cx

p )

, vgug
︸︷︷︸

Cy
g (E/Cx

p )

, ζ ′p′x︸︷︷︸
Cz

g (E/Cx
p )

⟩⟩ = 0 (0.16)

K = (ψ2
x + ψ2

y)/2, G = ψ2
zf2

0 /(2N2), (0.17)

ζ ′(u′
z − w′

x) (0.18)

−ζ ′(u′
z − w′

x) (0.19)

∂t[E/cp]+
∇ · ⟨⟨Cx

g (E/Cx
p ), Cy

g (E/Cx
p ), Cz

g (E/Cx
p )⟩⟩ = 0, (0.20)
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u′
t − (f0 + βy)v′ = −p′x,

v′
t + (f0 + βy)u′ = −p′y,

ρ′t + w′ρz = 0,

u′
x + v′y + w′

z = 0,

⟨⟨u′, v′, w′⟩⟩ = ⟨⟨ξ′t, η′
t, ζ

′
t⟩⟩, (0.21)

ζ ′ ≡ −ρ′/ρz = −p′z/N
2,

K = (u′2 + v′2)/2, G = (N2/2)ζ ′2,
q′ ≡ v′

x − u′
y − (f0 + βy)ζ ′z,

q′t + βv′ = 0,

η′ = −q′/β,

(K + G︸ ︷︷ ︸
E

)t + ∇ · ⟨⟨u′p′, v′p′, w′p′⟩⟩ = 0, cp ≡ ω/k, cg ≡ ∂ω/∂k

(E/cp)t + ∇ · ⟨⟨u′p′/cp, v
′p′/cp, w

′p′/cp⟩⟩ = 0,
∫ +∞
−∞ u′p′/cp dy =

∫ +∞
−∞ cg(E/cp) dy, u′p′/cp ̸= cg(E/cp)

∫ +∞
−∞ u′p′/cp dy

=
∫ +∞
−∞ cg(E/cp) dy

=
∫ +∞
−∞ cg(ζ ′zu′ + q′η′/2) dy

=
∫ +∞
−∞ (u′u′ − K + G) dy

π′ ≡
∫ t

p′dt,

u′ − fη′ = −π′
x,

v′ + fξ′ = −π′
y,

E ≡ K + G

= (u′2 + v′2 + N2ζ ′2)/2
= (u′ξ′t + v′η′

t − ζπ′
zt)/2,

(−u′ξ′x − v′η′
x + ζ ′π′

zx)/2 = ζ ′zu
′ + q′η′/2 + ∇ · ⟨⟨−v′η′, u′η′, ζ ′π′

x⟩⟩/2
(−u′ξ′y − v′η′

y + ζ ′π′
zy)/2 = ζ ′zv

′ − q′ξ′/2 + ∇ · ⟨⟨v′ξ′,−u′ξ′, ζ ′π′
y⟩⟩/2 (0.22)

∂t(ζ ′zu
′) + q′v′ = −∇ · ⟨⟨u′u′ − K + G, v′u′, ζ ′p′x⟩⟩,

∂t(ζ ′zv
′) − q′u′ = −∇ · ⟨⟨u′v′, v′v′ − K + G, ζ ′p′y⟩⟩,
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W."R."Young"

Why"the"bolus"velocity"deserved"to"die"and"how"I"killed"it"
hPps://ams.confex.com/ams/20Fluid/webprogram/Paper273091.html"
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Why"the"bolus"velocity"deserved"to"survive"and"how"we"use"it""
hPps://ams.confex.com/ams/20Fluid/webprogram/Paper272904.html�
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